We show that each directed graph (with no parallel arcs) on n vertices, each with indegree and outdegree at least n=t where t = 2:888997 : : : contains a directed circuit of length at most 3.
In this paper, directed graphs have no loops or parallel arcs. It is an intriguing conjecture of Cacetta and H aggkvist [2] that any directed graph on n vertices, each with outdegree at least n=k contains a directed circuit of length at most k. Surprisingly, the special case for k = 3 is still open.
Instead of proving the conjecture, one may look for values of s so that any directed graph on n vertices with minimum outdegree at least n=s, contains a directed triangle. The highest value of s is due to Shen [6] , who obtained the value s = 1 3 − √ 7 = 2:8228757 : : :
Shen's result improved approximations by Cacetta and H aggkvist [2] and Bondy [1] . It is not even known whether any directed graph on n vertices, each with both indegree and outdegree at least n=3, contains a directed triangle. Again, one may look for values of t so that any directed graph on n vertices, each with both indegree and outdegree at least n=t contains a directed triangle. The best result on this problem is in [3] , where using (1) it is shown that t = 22 − 2
875. This improved the results obtained by Cacetta and H aggkvist [2] and Li and Brualdi [4] .
In this note we use Shen's approximation (1) Note that t 0 ≈ 2:8889971. The theorem is proved by extending the approach of [3] . Before doing so, we introduce some notation. For each v ∈ V let E + v and E − v denote the sets of outneighbours and inneighbours of v, respectively. For u, v, w ∈ V let
We recapitulate a number of earlier results in the following proposition. 
Now we are in a position to prove Theorem 1. With respect to [3] , the stronger inequality in this paper is obtained because instead of showing that the total number of arcs in one of the graphs induced by E
, we use the lower bound on the number of triangles in an undirected graph established by Moon and Moser [5] .
Theorem 3 (Moon and Moser [5] ). Let G=(V; E) be an (undirected) graph with |V |= n, |E| = m. Then G contains at least m(4m − n 2 )=3n (undirected)-triangles.
Proof of Theorem 1. Suppose D = (V; A) is a directed graph with |V | = n, each with both indegree and outdegree at least k = n=t 0 , and without any directed triangle. We may assume that deleting any arc would give a vertex of indegree or outdegree less than k. Let t = n=k. For future reference we note that
where the lower bound for t follows from (1). According to Proposition 2 there is a vertex with both indegree and outdegree equal to k.
Without loss of generality we may assume that := min{
For all other k −
As n ¡ 3k and ¡ k=s it follows that 4k − n − ¿ k − ¿ . By removing arcs if necessary, we may assume that in (4) and (5) 
Let T low ( ; + u v ; t) denotes the lower bound for the number of transitive triangles given by the right-hand side of (6) .
The number of transitive triangles is bounded from above by
Let T up ( ; + u v ; t) denote the upper bound for the number of transitive triangles given by (7). Let U ( ; (t−4) ) 2 =3k. To conclude the proof, we will show that U ( ; + u v ; t) ¿ 0 for all (3 − t)ks 6 ¡ k=s and (3 − t)ks 6 + u v ¡ k=s and for t in the interval deÿned by (2) . This is simpliÿed by the following lemma.
Lemma 4. For (3−t)ks 6 ¡ k=s and (3−t)ks 6 + u v ¡ k=s, and with t in the interval deÿned by (2), it holds that U ( ; + u v ; t) ¿ U ((3 − t)ks; (3 − t)ks; t). This lemma will be proved at the end of this article. Using Lemma 4 we obtain the following inequality: Multiplying by 3=s 4 k 3 (3 − t) and substituting s = 1=(3 − √ 7) leads to
As t 0 is a zero of the polynomial deÿned by (9), and, moreover, this polynomial is strictly positive on the interval for t deÿned by (2) , it follows that T low ( ; 
As the coe cient of 
where q(t) only depends on t. As the coe cient of is negative on the considered interval for t, we ÿnd that the right-hand side of (12) is minimized when = k=2, which is a relaxation of ¡ k=s. This leads to 6k dU ( ; (3 − t)ks; t) d ¿ k 3 (3 + 2s(t − 3)(−30 + 16s(−3 + t) 2 + 11t)) ¿ 0;
where the latter inequality follows by straightforward numerical evaluation using (2) . This shows that U ( ; (3 − t)ks; t) ¿ U ((3 − t)ks; (3 − t)ks; t)
which ÿnishes the proof of Lemma 4.
